
Sampling-Based Resolution-Complete

Algorithms for Safety Falsification of Linear

Systems?

Amit Bhatia1 and Emilio Frazzoli2

1 University of California at Los Angeles, Los Angeles, CA 90095,
abhatia@ucla.edu

2 Massachusetts Institute of Technology, Cambridge, MA 02139,
frazzoli@mit.edu

Abstract. In this short paper, we qualitatively describe a novel ap-
proach for checking safety specifications of a dynamical system with ex-
ogenous inputs that is guaranteed to terminate in finite time with a
conclusive answer. We introduce the notion of resolution completeness
for analysis of safety falsification algorithms and propose sampling-based
resolution-complete algorithms for safety falsification of linear time-invariant
discrete time systems over infinite time horizon. Given a target resolu-
tion of inputs, the algorithms are guaranteed to terminate either with
a reachable state that violates the safety specification, or prove that no
input exists at the given resolution that violates the specification.

1 Introduction

The problem of finding the set of all states the system can reach (called as
the reachable set) based on its dynamics and initial conditions, is known as
the reachability problem in literature. For continuous and hybrid systems, this
problem is in general known to be undecidable [1]. For analyzing safety speci-
fications of dynamical systems, a wide variety of methods have been proposed
(for references, see [2]). However, most of these methods attempt to verify safety
of a given system by over approximating the actual reachable set over a finite
time horizon. As a result, they are liable to generate infeasible counter examples
to safety and cannot analyze safety over infinite time horizon. Moreover, they
fail to guarantee that the procedure of refining the simulation parameters (to
conclusively certify that the system is safe) will ever terminate.

2 Sampling-based safety falsification

To complement safety verification approaches, we (and others) have proposed
randomized sampling-based incremental-search algorithms for safety falsifica-
tion (e.g. [3]). These algorithms try to falsify safety of the system quickly by
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Fig. 1. Probabilistic vs resolution completeness

incremental construction of trajectories (e.g. Fig. 1, at the left). However, they
are only probabilistically complete, meaning that the probability of finding a fea-
sible counter example (if one exists) goes to 1 as the number of samples goes
to infinity. As a result, if no counter example is found in finite number of itera-
tions, then the algorithms become inconclusive. To obtain stronger completeness
guarantees for the falsification problem, we have recently introduced the notion
of resolution completeness for safety falsification of dynamical systems with ex-
ogenous inputs in [2,4,5]. This notion of completeness is defined on the space
of exogenous control signals and considers safety over infinite time horizon. A
safety falsification algorithm is called resolution-complete if for any given reso-
lution of inputs, it is guaranteed to terminate in finite time with either a feasible
counter example or else a proof of system safety at given input resolution (e.g.
Fig. 1, at the right). For a comparison of this approach with other approaches
to completeness please refer to [2].

3 Preliminaries

Definition 1 (Hybrid System). A discrete-time LTI hybrid system H is de-
noted as a tuple, H = (Q,X ,U , U, Φ,∆, I,S, T ).

Q is the discrete state space and X ⊆ R
n is the continuous state space. U is

the family of allowed control functions (assumed to be functions bounded in
L∞ norm by 1) and the set U ⊂ R

m is the input space. Each control function
u ∈ U is a function u : [0, tf ] → U , where tf ∈ N is the terminal time of
the trajectory. Φ : Q × X × U → X is a function describing the evolution of
the system on continuous space, governed by a difference equation of the form
x(i+1) = Φ(q, x, u) = Aqx(i)+Bqu(i), i ∈ N, and Aq, Bq are real matrices of size
n×n, n×m respectively. The continuous evolution over k time steps is denoted
as φk(q, x, u). ∆ ⊂ (Q×X )×(Q×X ), is a relation describing discrete transitions
in the hybrid states. Discrete transitions can occur on location-specific subsets
G(q, q′) ⊆ X , called guards, and result in jump relations of the form (q, x) 7→
(q′, x). I,S, T ⊆ Q × X are, respectively, the invariant set, the initial set, and
the unsafe set. Ω = {q̄, q̄ : [0, tf ] → Q} denotes the set of trajectories on the
discrete space. ψ(z, u, q̄, i) ∈ Q × X denotes a point reached at time i ≤ tf ,
starting from z ∈ Q × X and using u ∈ U , under the discrete evolution q̄. For
a given family of control signals U , the set of states reachable by the system is
denoted as R(U). We will denote by A◦ the interior of a set A.



Definition 2 (Resolution completeness). A given algorithm is resolution-
complete for safety falsification of a system H, if there exists a sequence of family
of control functions, {Uj}

∞

j=1, satisfying Uj ⊂ Uj+1, ∀j, and limj→∞ Uj = U (in
the sense of a given metric), such that, for any given j ≥ 1, the algorithm
terminates in finite time, producing, either a counter example ψ(z0, u, q̄, t) ∈ T ,
using a control function u ∈ U , z0 ∈ S, q̄ ∈ Ω, t ≥ 0, or a guarantee that,
R◦(Uj) ∩ T = ∅.

4 Main ideas

To achieve completeness, we construct an approximation Rj (while searching
for counter examples) using multi-resolution grids that satisfies the set inclusion
R◦(Uj) ⊆ Rj ⊆ R(U). This guarantees feasibility of counter examples and safety
with respect to control functions belonging to Uj . For a discrete location q ∈ Q,
G(q) denotes the multi-resolution grid for location q that over-approximates
R(U)∩I(q, ·). The algorithms keep a record of the portion of G(q) that is found
to be reachable (denoted as Gf (q)), either a priori or during an execution of the
algorithm. Gu(q) denotes the rest of G(q), i.e. Gu(q) = G(q) \Gf (q).

4.1 State space discretization

The conditions for state-space discretization relate the grid resolution εj(q) to
the resolution of control signals being used, i.e., Uj (see [2]). εj(q) is chosen such
that finding one feasible point φk(q, x0, u) in a grid region ξ(εj(q)) of size εj(q),
with x0 ∈ Gf (q), u ∈ Uj , k > 0, is enough to claim that for every point x ∈ ξ,
there exists u′ ∈ U such that x = φk(q, x0, u

′).

4.2 Algorithms

We now informally explain the main steps of our resolution-complete algorithms
and for details refer the reader to [2]:

1. Set the initial input resolution to j0 and target resolution to jmax.
2. Initialize the grid corresponding to current input resolution.
3. Choose a discrete search location q ∈ Q.
4. Select an unchecked region ξ from Gu(q).
5. Check if ∃x1 ∈ ξ, such that x1 = φk(q, x0, u), for some x0 ∈ Gf (q), u ∈

Uj , k > 0 (fixed). If yes, update Gf (q) to Gf (q) ∪ ξ.
6. Take into account possible discrete mode switches for ξ.
7. If Gf (q) ∩ T 6= ∅, then return with a q × x, x ∈ Gf (q).
8. Repeat from Step 4 if possible.
9. Repeat from Step 3 if possible.

10. Increase resolution of inputs to j + 1, and repeat from Step 2 if j ≤ jmax.
11. Declare the system to be safe ∀u(·) ∈ Ujmax

.
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Fig. 2. Execution of a resolution-complete algorithm for card (Q) = 1

In Fig. 2, we show an execution of such a resolution-complete safety falsification
algorithm for the case when card (Q) = 1. The search for counter example begins
at input resolution of j and jmax = j + 1. The grid resolution corresponding to
input resolution j is εj . As no counter example is found at resolution j, the search
is continued at resolution level j + 1 and the grid is refined accordingly. Since
no counter example to safety is found at termination, the system is certified to
be safe ∀u(·) ∈ Uj+1.

4.3 Termination guarantees and heuristics

Under the assumption of boundedness of the grids in each discrete mode (using
system stability or some other arguments), the algorithms are guaranteed to
terminate in finite time. To find the counter examples quickly (when they exist),
heuristics like breadth-first-search, A∗, branch and bound, and incremental grid
sampling are used (see [2] for more details).
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